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Abstract 

The recent experimental measurements of the solar neutrino mixing angle 9 so i and the Cabibbo 
mixing angle 6c reveal a surprising relation, 9 so i + 6c — f • We note that the lepton mixing 
matrix derived from quark-lepton unification can lead to a shift of the complementarity relation 
at low energy. While the renormalization group effects generally lead to additive contribution on 
top of the shift, in this letter, we show that the threshold corrections which may exist in some 
intermediate scale new physics such as super symmetric standard model can diminish it, so we can 
achieve the complementarity relation at a low energy. Finally, we discuss a possibility to achieve 
the complementarity relation at a high energy by taking particular form of non-symmetric form of 
down Yukawa matrix. 

PACS numbers: 14.60.Pq,12.15.Ff,12.10.Dm,11.10.Gh 
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Recently, it has been noted that the solar neutrino mixing angle 9 so i required for a solution 
of the solar neutrino problem and the Cabibbo angle 9c reveal a surprising relation 



e sol + e c ^j, (i) 

which is satisfied by the experimental results 

9 S oi + 9 C = 45.4° ± 1.7° to within a few percent accuracy jH 0, 0|. This quark-lepton 
complementarity (QLC) relation (1) has been interpreted as an evidence for certain quark- 
lepton symmetry or quark-lepton unification as shown in Refs. 0, HI, E|. Yet, it can be a 
coincidence in the sense that reproducing the exact QLC relation (1) at low energy scale in 
the framework of grand unification depends on the renormalization effects whose size can 
vary with the choice of parameter space. But, we believe that such a coincidence does not 
necessarily mean that attempts to catch a deep meaning behind the QLC relation were in 
vain. Anyway, establishing the origin of the QLC relation may be a challenge that underlying 
theory of flavor should address. 

To effectively describe the deviation from maximal mixing of solar neutrino, small mix- 
ing element U e ^ and possible deviation from maximal mixing of atmospheric neutrino, a 
parametrization of the PMNS mixing matrix in terms of a small parameter whose magni- 
tude can be interestingly around sin^c has been proposed as follows [?l IsL M. HQ] : 

C^PMNS = U '(A)[/bimax • (2) 

Here U(X) is a mixing matrix parameterized in terms of a small parameter A and t/bimax 
corresponds to the bi-maximal mixing matrix [llj]. Among possible generic structures of the 
matrix U(X) which are compatible with experimental results on the neutrino oscillations, 
the "CKM-like" form of U(X) has rather profound implication in view of the connection 
between quarks and leptons. 

In this letter, we first of all show that the lepton mixing matrix given in the form of Eq. 
(J2J) with the "CKM-like" U(X) ~ Uqkm can be indeed realized in the framework of grand 
unification with symmetric Yukawa matrices when we incorporate seesaw mechanism, and 
examine whether or not £/pmns reflecting quark-lepton unification given by (J2J) can predict 
the QLC relation (1) exactly. We see that the solar mixing angle derived from £/pmns 
leads to correction to the QLC relation which can be more than la deviation from the 
QLC relation as similarly shown in p. Notice that while the QLC relation holds at a low 
energy, the corresponding relation derived from the mixing matrix given in the form of Eq. 
(J2J) is in fact realized at a high scale such as seesaw scale or unification scale. Thus, it is 
necessary to take into account the renormalization effects on the lepton mixing matrix when 
one compares the prediction at a high energy scale with the QLC relation observed at low 
energy scale. One can then expect that the deviation from the QLC relation is explained by 
renormalization effects. In the SM, the renormalization effect through the renormalization 
group (RG) running down to the weak scale is negligible because of small charged lepton 
Yukawa couplings. But, in some models such as the minimal supersymmetric standard model 
(MSSM), the renormalization effect on the leptonic mixing an gle 9p depends on the type of 
light neutrino mass spectrum as well as model parameters 12J, [l3|, [l4j . It is also known that 



in MSSM with large tan (3 and the quasi-degenerate neutrino mass spectrum the RG effects 
are generally large and can enhance the mixing angle 6*12 at low energy 0, l| Such an 



enhancement of #12 is not suitable for achieving the QLC relation (1) at low energy because 
we need to diminish the deviation so as to get the exact QLC relation (1) at a low energy. 
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In this letter, we show that the sizeable threshold corrections which may exist in the 
MSSM m H Il7| can diminish the deviation from the QLC relation while keeping the 



mixing angle 623 almost maximal and #13 small, so that the QLC relation at low energy 
can be achieved in the case that the RG effects are suppressed. Some conditions on the 
parameters to realize the QLC relation will be discussed. Finally, we propose a possible way 
to achieve the QLC relation by taking a non-symmetric form of the down Yukawa matrix. 

The flavor mixings stem from the mismatch between the left-handed rotations of the 
up-type and down-type quarks, and the charged leptons and neutrinos. For our purpose, 
it is useful to work in a basis where the quark and lepton Yukawa matrices are related. In 
general, the quark Yukawa matrices Y u , Yd are given by Y u = U u Y^ m9 V^, Yd = UdY^ a9 V d \ 
from which the observable quark mixing matrix is deduced as Uqkm = U^Ud ■ For the 
charged lepton sector, the Yukawa matrix is given by Yj = t/jYJ l ° 9 Ty . For the neutrino 
sector, we introduce one right-handed singlet neutrino per family which leads to the seesaw 
mechanism, according to which the light neutrino mass matrix after the breakdown of the 
electroweak symmetry is given by 

M v = M Dirac ^-M£ irac 

= (UoM&yS) ^ (V?MSX) , (3) 

where Uo and Vq are the left-handed and right-handed mixing matrices of the Dirac neutrino 
mass matrix, respectively. We can then rewrite M v as follows 

M v = U V M M^V^, (4) 
where Vm represents the rotation of M D ]°f V c 1 T^K*^nirac • The observable PMNS mixing 



U PM ns = U}U V = UjU V M . (5) 

Note that equating the above expression for £/pmns with Eq. (J2J), we get the "CKM-like" 
form of U(X): 

C/t(A) = U}U V M UL** (6) 

In order for U'(X) to have "CKM-like" small mixing angles we have three possible choices 
of[/t(A): 

C/t(A) = u}u , (7) 
I U}U V , 

where V = VjwL^ imax . The first choice of U^(X) indicates that the maximal mixing angles in 
C^bimax are cancelled out by the mixing angles in the combination of U°Vm, while the second 
choice implies Vm = t^bimax- The last form is the most general one, which shows that the 
maximal mixing angles in f/bimax are not completely cancelled out, and its actual form is 
not unique. In view of the quark-lepton unification, the second case is more natural than 
others because down-type (up-type) quarks are related with charged lepton (Dirac neutrino) 
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sector in grand unification. In such a case, the form of Vm is taken to be almost bi-maximal 
mixing because it is natural to suppose that the structure of the lepton mixing matrix to 
a leading order is the bi-maximal mixing, whereas the CKM matrix is an identity matrix, 
which corresponds to U<(\) = I in Eq. (J2J), and then the QLC relation can emerge from 
quark-lepton unification. However, the bi-maximal mixing pattern of Vm is not necessarily 
required. It is in fact possible to take Vm to be small mixing or even identity matrix at GUT 
scale and then to generate two large mixing angles in the lepton mixin g m atrix by radiative 
magnification through evolving RG equations down to the weak scale |l3l lil . 

Now, let us consider how the PMNS mixing matrix given by Eq. (jSJ) can be related with 
CKM mixing matrix in the context of quark-lepton unification. 

(A) Minimal quark-lepton unification 
Since the down-type quarks and the charged leptons are in general assigned into a multiplet 
in grand unification, we assume that the following simple relations hold in the minimal 
models of grand unification, Y e = Yj, Y u = Yj. Then, we deduce that XJ\ = V£ from 
which 

f^PMNS = VJUqVm- (8) 

From this expression for ?7pmns, we see that the contribution of C/ckm ma y appear in C/pmns 
if we further assume Y v = Y u which can be realized in some larger unified gauge group such 
as 5*0(10). Then, one can obtain [Io| 

f/pMNs = VjU d Ul KM V M . (9) 

In addition, requiring symmetric form of the down-type quark Yukawa matrix, we finally 
obtain 

^pmns = U ckm Vm, (10) 

where the mixing matrix Vm has bi-maximal mixing pattern as explained above. In this 
way, t/pMNS can be connected with Uqkm- We note that taking the bi-maximal mixing form 
of Vm is equivalent to taking Mr as follows, in the basis where Vq is absorbed into the heavy 
Majorana neutrino field: 

1 / am 2 Di (3m Dl m D2 -(3m Dl m D3 

Mr = - ( (3m Dl m D2 ik a + i) m Da (-±a + 7) m D% m D3 | , (11) 



-(3m Dl m D3 (-|a + 7) m D2 m D3 (\a + 7) m 2 D3 



where a = m{ x + m^ 1 ,/? = (— rn[ l + m^ 1 ) / V^,7 = m^ 1 and mfl^fflj stand for the mass 
eigenvalues of Dirac mass matrix and light neutrino mass matrix, respectively. 

To see whether the parametrization of C/pmns given by fTU|) can lead to the QLC relation 
(1), it is convenient to present £/pmns for the CP-conserving case as follows: 

t^PMNS = ^CKM^23^12 

= U 23 (9 23 )U 13 (9 13 )U 12 (^ - M , (12) 

where and correspond to the maximal mixing between (1,2) and (2,3) generations, 
respectively. Then, the mixing angles in the second line of Eq. (J 12)) can be presented in 
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terms of Wolfenstein parameter A as follows: 



1 

V2' 



sin#i 2 ~ -^A + 0(A 3 ), silica- 



sin9 13 ~-^=X. (13) 
The solar neutrino mixing parameter sin 8 so i in this parametrization becomes 

sin 0^ ~ sin (| - 6c) + ~(V2- 1). (14) 

Thus, we see that the neutrino mixing matrix (|12p originating from the quark-lepton uni- 
fication obviously leads to a shift of the relation (1). Numerically, the shift amounts to 
56 so i ~ 3° and thus 5 sin 2 8 so i ~ 0.05 which is more than la deviation from the recent 
measurement of the solar neutrino experiment. While a dedicated experiment to measure 
#12 with a sensitivity of a few % to sin 2 6*12 would be expected to confirm or rule out the 
deviation, we can expect that renormalization effects on the neutrino mixing matrix (fE?j) 
may fill the gap between the QLC relation and the prediction (|14Jlfrom high energy mixing 
matrix. Later, we will discuss the renormalization effect in detail. 

(B) Realistic quark-lepton unification 
Although the minimal quark-lepton unification can lead to an elegant relation between 
PMNS mixing and CKM mixing as shown in the above, it indicates undesirable mass re- 
lations between quarks and leptons at the GUT scale such as m d ™ 9 = mf a9 . Recently, 
the following form for UjUo = U^(X) has been suggested based on a well known empirical 
relation \V US \ ~ fii±~Z fs± 111, 

W(X) = UjUo * ( I 1 26X \ , (15) 

-26X 1 

where the deviation from unitarity is just of order 6X 3 . This form of mixing matrix can be 
obtained by introducing the Higgs sector transforming under the representation 45 of SU (5) 
or 126 of 50(10) 0. In this case, the solar neutrino mixing sin 9 so i is then given by 

sin^ ~ sin Q - 6c) + ^\V2 - ~J . (16) 

Numerically, the deviation from the QLC relation amounts to S8 so i ~ 7°, much more than in 
the observed QLC relation. One possible way to generate the correct prediction for smO so i 
based on the lepton mixing with JJ\ given by Eq. (|15|) is to abandon the exact bimaximal form 
of the neutrino mixing matrix Vm and to consider the generic corrections to the bimaximal 
neutrino mixing matrix that can account for the QLC relation [18]. But, we consider an 
alternative possibility that the threshold corrections can diminish the deviation from the 
QLC relation. 

Now, let us examine how the renormalization effects can diminish the deviation from the 
QLC relation. In general, the radiative corrections to the effective neutrino mass matrix can 
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be presented as follows: 



I -Ml- 1 

1 " UcKM U bima X M nU u; 



B^bimax^CKM ' I 



I ' ^CKM^23 M D12 U^U C KM ■ I 



(17) 



where Mo = Diag[mi,m2,m 3 ], Mdvi = U^f MpU^ , and the matrix / = Ia^ab, (A B = 
e, n, t) stands for the radiative corrections. The correction / generally consists of two parts 
I _ jRG _|_ jth w Yy eTe jRG are renormalization group corrections which are explicitly 
presented in Ref. j^j and I th are electroweak scale threshold corrections ^5[. We note that 
the flavor blind interactions such as gauge interactions contribute to overall scale of neutrino 
masses whereas the charged lepton Yukawa interactions generate flavor dependent radiative 
corrections I in the standard model (SM) and in MSSM. The typical size of RG corrections 
jRG j g know-n t De about 10~ 6 in the SM and MSSM with small tan (3, and thus negligible. 
In addition, supersymmetry can induce flavor dependent threshold corrections related with 
slepton mass splitting which can dominate over the charged lepton Yukawa corrections . 
Even if I T is the dominant contribution in SM, it is not guaranteed at all in MSSM due to 
the threshold corrections. We have numerically checked that RG evolution from the seesaw 
scale to the weak scale enhances the size of 9u i n the case that #13 and #23 are kept to 
be small and almost maximal mixing, respectively. Thus, the case of sizable RG effects is 
not suitable for our purpose. Instead, we examine whether the threshold corrections can 
be suitable for diminishing the deviation from the QLC relation while keeping 9 23 nearly 
maximal and #13 small in the case that RG effect is negligible. To achieve our goal, we 
note that the contribution I e should be dominant over because only I e can lead to the 
right amount of the shift of 9 12 while keeping the changes of #23 and #13 small. Taking 
\I e \ » \Ip, T \) the neutrino mass matrix corrected by the leading contributions is rewritten 
as follows: 



My 



— cy CKM u 23 



[I D + I e A\] M D12 



Id + J e At 



(18) 



where Id is 3 x 3 identity matrix, and the matrix Aa is given up to A 2 order by 

/ 1 



A, 



A 
A 

V2 



A_ 

, A 

\ 3^ 



A 


^ I 


if ' 


2 


2 


A 2 


— J 


2 


2 / 


A 


A 




3V? 


A 2 


A 2 


18 


18 


A 2 


A 2 


18 


18 



for minimal unification, 



for realistic unification. 



(19) 



(20) 



/ 



Let us discuss how much the lepton mixing angles can be shifted by the renormalization 
effects. We first of all do numerical analysis in a model independent way based on the form 
given by Eqs. (19-20). For our numerical analysis, we take Am^ = m\—m\ ~ 7.1xl0~ 5 eV 2 
and Am 2 tm = m\ — m\ ~ 2.5 x 10^ 3 eV 2 . Regarding M v as the light neutrino mass matrix 
at low energy scale and varying the parameter I e and the smallest light neutrino mass mi, 
we find which parameter set (7 e ,mi) can lead to the QLC relation exactly and the results 
are presented in Table I. We note that the required values for I e are negative. The first 



6 





(A) 


(B) 


mi (eV) 


h 


h 


0.15 


-4.0 x 10~ 5 


-1.0 x 10" 4 


0.1 


-8.5 x 10~ 5 


-2.2 x 10" 4 


0.05 


-3.4 x 10" 4 


-8.6 x 10~ 4 



TABLE I: Parameter set (J e , mi) leading to the QLC relation. The columns (A) and (B) correspond 
to the minimal unification and realistic case, respectively. 



and the second column in Table I correspond to the minimal unification and realistic case, 
respectively. In our analysis, we have also checked that #23 is almost unchanged, whereas 
the shift of #13 is about 1° for both cases (A) and (B). From Table I, we see that a larger 
value of I e is required to achieve the relation (1) as mi goes down. 

How can we obtain such a value of J e while keeping \I e \ >> |/ M)T |? As shown in Ref. 
(l7| . it requires the existence of new states which gives a dominant contributions to I e . In 
MSSM, it can easily be realized by taking into account the contribution of chargino (pure 
W-ino). In the case of a diagonal slepton mass matrix in the same basis where the charged 
lepton mass matrix is diagonal, the contribution is presented by [T3| 

q 2 ( 1 1 xl-l xl-l \ 

where Xf — 1 — (Mf/m) 2 and Mf,m are the f-th charged slepton mass and W-ino mass, 
respectively. We see that the size of \I e \ is about 10 times larger than that of |/ M)T | for 
M e ~ 2M MjT , and the value of I e becomes negative and of the order of 10~ 4 ~ 10~ 3 for 
x e > 0.65, which are required to achieve the exact QLC relation at low energy. We also note 
that the contribution of the tau Yukawa coupling Y T in MSSM to I T can be as much as I e 
for large tan (3. Thus, our estimation is suitable for small tan (3 so that the contribution of 
Y T should be negligible compared to J e . 

In passing, we discuss a possible way to diminish the correction to QLC appeared in Eq. 
(|14|) . While we have considered the case with symmetric form of fermion Yukawa matrices 
so far, non-symmetric types of and Yi are generally allowed. Then, the term VjUd in Eq. 
(9) is not trivial unity matrix in the non-symmetric Yukawa structure and it can generate 
additional correction to the solar neutrino mixing parameter sin# so ;, which can diminish the 
correction to QLC. We have checked that sm.9 so i ~ sin(7r/4 — 9c) for the case of the minimal 
unification (A) when VjUd has the form in the leading order of A, 

/ 1 (1-V2)A -(l-V2)A\ 
VjU d = _(i _ V2)A 1 . (22) 

V (1-V2)A 1 / 

For the realistic case (B), one can obtain the QLC relation by taking the matrix form (|22|) 
but replacing A with A/3. We note that in order to achieve the QLC relation at low energy 
scale in those cases, renormalization effects should be negligibly small. But, it is quite 
arbitrary to generate the form of VjUd given above from some underlying symmetries or 
flavor structure. 
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In summary, while the QLC relation, 6 so i + 6c = j, itself can be an evidence for the 
quark-lepton unification, it can be a coincidence in the sense that the relation achieved at 
low energy in the framework of grand unification strongly depends on the renormalization 
effects whose size can vary with the choice of parameter space. In this paper, we have found 
that the lepton mixing matrix derived from quark-lepton unification can lead to a shift of 
the complementarity relation at a high energy. While the renormalization group effects 
generally lead to additive contribution on top of the shift, we show that the threshold 
corrections which may exist in the supersymmetric standard model diminish it, so we can 
achieve the complementarity relation at a low energy. In addition, we commented on how 
to achieve the QLC relation by taking a non-symmetric form of the down Yukawa matrix. 
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